Cemented paste backfill is an increasingly popular technique to improve ground stability in underground mines. This technique is used in several mining methods that require strength evaluation for the vertically exposed cemented backfill following the excavation of an adjacent stope on one side. The critical strength is generally evaluated with an analytical solution proposed by Mitchell et al. (1982) . Despite its wide acceptance in academia and application in the mining industry, the Mitchell solution has received only a few updates in the literature, including some new developments given by the authors and colleagues. Mitchell et al. (1982) 
Introduction
Open stoping with delayed backfill is an increasingly popular technique in underground mines. The primary stopes are first mined out and filled with cemented backfill to form self-supporting structures, which must remain stable during the exploitation of the adjacent secondary stope(s). The cementation is mainly achieved through the addition of Portland cement and/or other binders. Backfill strength increases with Li and colleagues revisited the Mitchell model and provided several updates that accounted for stope geometry, internal friction angle of the backfill, shear strengths along three confining walls, and failure mechanism of exposed backfill (Li 2014a (Li , 2014b Li & Aubertin 2012 . These analytical solutions contributed to greater understanding and better evaluation of the backfill strength requirements.
However, in the Mitchell et al. (1982) solution, which was originally employed in the industry to estimate the strength requirement of cemented backfill cured for about 28 days, the internal friction angle of the backfill was debatably assumed to be zero. Under this assumption, the Mitchell analytical solution corresponded well to physical model test results. Besides, the backfill friction angle obtained by comparing the experimental results of Mitchell with the solutions of Aubertin (2012, 2014) and Li (2014a) based on the curve fitting technique, is in the range of 1217°, which is still far from the typical values of backfill's effective friction angle that is usually close to 3035°. This led to the following questions: what are the governing principle and mechanics of backfill, and what kind of effect do they make on the application of the Mitchell method?
The Mitchell model and subsequent updated solutions were developed for cemented backfill with one open face associated with the excavation of one adjacent secondary stope. In practice, the first secondary stope is often filled with an uncemented backfill and the cemented backfill must be exposed on the opposite side due to the excavation of the adjacent second secondary stope. This case cannot be analysed by the original and modified Mitchell et al. (1982) solutions as they do not consider the pressure exerted by the uncemented backfill in the first secondary stope.
In this study, physical model tests performed by Mitchell et al. (1982) will be revisited and numerically simulated with FLAC3D to try to see if and under what conditions the physical model tests of Mitchell can be reproduced. The applicable conditions of the Mitchell solution are discussed. The stability of the cemented backfill in primary stopes exposed on one side and subjected to a lateral pressure on the opposite side by the uncemented backfill in a secondary stope is analysed. A new analytical solution is formulated and validated by numerical simulations. A case study illustrating the use of the new proposed solution is introduced to calculate the strength requirement of cemented backfill in primary stopes in an underground iron mine.
Analyses of Mitchell's physical model tests
The Mitchell's limit equilibrium wedge failure model is validated through a series of physical box stability tests. These experiments evaluated the maximum stable exposed height, H f , of cemented backfill for different block dimensions and strengths. Various tested data was obtained to illustrate the relationship between the critical strength of vertically exposed backfill and the corresponding backfill dimension (length, width, height) with the analytical results.
Figure 1(a) shows backfill that has collapsed following exposure of a vertical face in one of the physical model tests in Mitchell et al. (1982) . The width of the cemented backfill in the 'primary stope' varied from 0.2 m to 0.6 m, and the block length varied from 0.4 m to 0.8 m. The box was sealed with waterproof calking, rubber straps and plastic sheeting. The front wall of the box was constructed with 100 mm square section timbers. These sections are removed from the top towards the bottom to simulate the excavation of an adjacent secondary stope. Mitchell et al. (1982) used two types of cemented backfill, with tailings and clean, washed sand. Both had a cement content of 2.2% and the initial slurry density was 70%. The tailings were characterised by D 10 around 20 m and D 60 around 80 m, having a hydraulic conductivity around 10 -7 m/s. The sand, which has a higher hydraulic conductivity than tailings, was characterised by D 10 around 70 m and D 60 around 0.2 mm. For both cases, the addition of cement decreased the hydraulic conductivity of the cemented backfill. Once a physical model was constructed, the filling process started and was completed within about 30 minutes. Following the drainage of excess water on the top of the backfill slurry in the physical box, the valve of the drainage at the bottom of the model was closed to keep the fill in a saturated state. A thin layer of slimes was placed on the pour surface to eliminate seepage erosion. A plastic sheet was applied over the front wall to avoid the entrance of air to exposed backfill. It should be note that these measures decreased the drainage of the cemented backfill at the bottom of the model. Paste 2019, Cape Town, South Africa
The physical study was used to find out the critical self-standing height (H f ) of different backfills based on laws of simulation for a reduced-scale physical model that can be built in a laboratory to about 2 m in height. This was achieved through lowering the strength of the cemented backfill and limiting the curing time to about 2.5 to 5 hours. Extra control samples were taken during each pour in the physical model to obtain the uniaxial compressive strength and shear strength of the cemented backfill by unconfined compression or direct shear tests at predetermined times. Pore water pressures were not measured during the unconfined compression and direct shear tests, which were realised very quickly (failure in about one minute for each control sample).
The backfill in the physical model tests of Mitchell et al. (1982) is shown to exhibit undrained behaviour. The internal friction angle () is near to the undrained friction angle ( u ) of 0, and the cohesion is probably the total cohesion (c) close to the undrained cohesion (c u ) -usually called undrained shear strength in soil mechanics), that is, c  c u and    u = 0. These observations are consistent with Mitchell et al. (1982) :
"Two pieces of testing apparatus were developed to evaluate the short-term strength of control samples and of samples taken after the fill was exposed."
The physical assumptions were numerically verified with FLAC3D. The numerical model analysed the short-term stability of exposed cemented backfill under an undrained condition with undrained shear strength parameters (c = c u and  =  u = 0). For a physical model test, trial and error numerical modellings have to be done to obtain the critical height H f of exposure at which the cemented backfill starts to collapse, beginning from the cohesions in tests given in Table 1 . If the cemented backfill remained stable upon an exposure of the full height (1.8 m), these tests were simulated by using reduced cohesions and searching the critical exposed height. For a given case, a number of numerical simulations have to be made to find the critical strength. Figure 2 (b), on which the required strength predicted by the Mitchell et al. (1982) analytical solution is also plotted. The numerical and analytical analysis showed a good fit with the experimental results, when the parameters of the backfill were set up to a short-term undrained shear strength, i.e. c  c u and    u = 0.
This suggests that physical models were in an undrained state.
The physical model tests conducted by Mitchell et al. (1982) were used to validate the analytical solution for the strength requirement of cemented backfill under fully drained conditions. The initial purpose was to reproduce the test results by numerical modelling with a consideration of the long-term stability of the exposed backfill under drained condition. Without success, the short-term stability of the exposed backfill under undrained condition was investigated, which demonstrated a good fit between the numerical modelling and experimental results.
Additional numerical modellings of the long-term stability of the exposed cemented backfill are shown in Table 1 and Figure 2 (b). The friction angle () of tailings or sand material was taken as 30°. The effective cohesion (c) of the backfill was based on measured results by Mitchell et al. (1982) . The interface friction angle δ s along the side walls was assumed to be two-thirds of the friction angle of the backfill, that is, δ s = 2/3. The interface cohesion along the two side walls were taken as c s = c, and c s = 0.25c respectively, which considered the roughness of the side walls in the physical box (Figure 1(a) ).
The required strengths of the cemented backfill in fully drained conditions obtained by numerical modelling are much smaller than those obtained by the physical model tests and predicted by the analytical solution of Paste 2019, Cape Town, South Africa Mitchell et al. (1982) , shown in Table 1 and Figure 2 (b). These results indicate that the exposed cemented backfill of the physical model tests by Mitchell et al. (1982) should not be considered as fully drained.
The strength parameters obtained and used in Mitchell et al. (1982) are mostly undrained shear strengths. The stability of the cemented backfill exposed in the physical model tests of Mitchell et al. (1982) was mostly controlled by the short-term strength under undrained condition, not the long-term strength under fully drained condition. Therefore, the Mitchell et al. (1982) analytical solution ( c = 2c = /(1/H+1/L)) is valid for estimating the required strength to ensure the short-term stability of a vertically exposed cemented backfill under an undrained condition. It is not valid for evaluating the long-term stability of exposed cemented backfill under a fully drained condition.
New analytical solution to evaluate backfill strength requirement
The investigation has demonstrated that the Mitchell analytical solution ( c = 2c = /(1/H+1/L)) is mostly valid for estimating the short-term strength requirement under undrained conditions. In practice, the cemented backfill in primary stopes is commonly designed to be exposed with the excavation of adjacent secondary stopes after 28 days of curing time at least.
As shown in Figure 3 (a), the cemented backfill in the primary stope (1) is subjected to the pressure exerted on the back wall by the uncemented backfill (or fill slurry) placed in the first secondary stope (2). The cemented backfill must remain stable following the exposure of the opposite side with the excavation of the second secondary stope (3). This scenario cannot be analysed by the Mitchell et al. (1982) analytical solution and its modifications (Arioglu 1984; Chen & Jiao 1991; Dirige et al. 2009; Li 2014a Li , 2014b Li & Aubertin 2012 Zou & Nadarajah 2006 ). These models do not account for the pressure exerted by the uncemented backfill in the first secondary stope (2). A new analytical solution is proposed to evaluate the backfill strength requirement in this case. The isotropic drawing of the primary stope (1) is shown in Figure 3 (a) and the forces and pressures acting on the cemented backfill body are shown in Figure 3 (b) with a static overburden pressure on the back wall of the vertically exposed cemented backfill. The primary stope (1) has a high height-to-width aspect ratio and the sliding plane is shown to intercept the back wall (H ≥ B tan). The uncemented backfill slurry placed in the secondary stope (2) is considered in a slurry state with no shear strength. These conditions have been observed in several operations following the immediate placement of the backfill in stopes, and these uncemented backfills usually show a very slow consolidation process due to the presence of a large quantity of fine grains (El Mkadmi et al. 2014; Thompson et al. 2012 ). The pressure exerted by the uncemented backfill slurry on the back wall of the cemented backfill is then equal to the isotropic pressure (γ u h; γ u (kN/m 3 ), is the bulk unit weight of the uncemented backfill; h (m) is the depth). The resulting force P b (kN) on the back wall of the sliding wedge can be expressed as follows:
where:
H (= H -Btan; m) = the height of the sliding wedge on the back wall.
The effective weight of the sliding wedge W′ (kN) is obtained by considering the weight (W) of the sliding wedge and the load on the top surface of the backfill as follows:
= the bulk unit weight of the cemented backfill in the primary stope.
; m) = the equivalent height of the sliding cemented backfill wedge.
The shear resistant force S s (kN) along the side rock walls can be expressed as:
h (m) = the depth from the top surface of the backfill.
 s = the shear strength along the interfaces between cemented backfill and side rock walls in primary stope and is calculated using
c (kPa) and  (°) = the cohesion and friction angle of the cemented backfill, respectively. r s and r i = the adherence and friction angle ratios of the fill-wall interfaces, respectively.
 h (kPa) = the horizontal stress normal to the interfaces between the cemented backfill and side rock walls at a depth h.
Horizontal stress can be obtained using a typical two-dimensional arching solution as:
where: 
Considering the equilibrium of the sliding wedge leads to the following expressions for the normal (   
This results in a general solution describing the stability of the cemented backfill in the primary stope (1).
The FS depends on the angle values α and . These analyses were based on the exposed cemented backfill confined by three rock walls. The two angles α and  can be expected to change more or less compared to the Mitchell et al. (1982) because the proposed extension models with a lateral pressure have been applied on the back wall of the cemented backfill. Therefore, four possible cases are considered.
Model 1, α = 45° + /2 and β = 90°
Introducing α = 45° + /2 and β = 90° into Equation 7 leads to the following expression for the required backfill cohesion c:
Model 2, α = β = 45° + /2
Introducing α = β = 45° + /2 into Equation 7 leads to the following expression for the required backfill cohesion c:
Model 3, α = β
This model considers that the sliding plane and direction of the sliding wedge are parallel in any direction 
Equations 12 and 13 constitute the proposed solution to evaluate the stability and required cohesion of the exposed backfill based on the numerical modelling presented herein.
Numerical simulations with different stope geometries and backfill properties were carried out to determine the most reasonable model for calculation of backfill strength requirement from the aforementioned four models. everywhere very small with c = 300 kPa, which indicates exposed backfill is in a stable state. When the backfill cohesion decreases from 300 to 230 kPa, the displacements at the three monitoring points show very small and progressive increments. When the backfill cohesion further decreases from 230 to 200 kPa, a jump of the displacements takes place at cohesion around 228 kPa. The large displacements at cohesion less than 228 kPa indicate the collapse of the exposed backfill. Therefore, the critical cohesion of the exposed cemented backfill is determined as c = 228 kPa. This procedure based on displacement monitoring for determining the critical strength of exposed backfill will be repeated for all the other simulations. The proposed method has been applied in a mine in Anhui Province, China. Staged open stoping with subsequent backfill mining is the main method used to excavate the thick iron orebody. Cemented backfill made with unclassified tailings and cement is used to fill the primary stopes, while the secondary stopes are usually filled with unclassified tailings without binders (or very few). The previous cemented backfill strength requirement in primary stopes was determined by empirical analogy of the adjacent mines in Anhui Province, without considering the practical stope geometries and backfill properties of this mine, and neglecting the differences of backfill quality control levels in different mines. The over-conservative design for the strength requirement of the cemented backfill in primary stopes leads to a waste of binder, which increases the unnecessary cementing costs.
The designed stope geometries of the primary and secondary stopes in this mine are as follows: stope width B is kept as 18 m, the length L of the stope is the thickness of the orebody, which varies from 30 to 70 m, and the common height H of the exposed cemented backfill is about 60 m. The theoretical strength requirement of cemented backfill in primary stopes under factor safety of 1.0 has been calculated in the iron mine from 0.450 MPa to 0.839 MPa. However, in the practical mine backfill, the strength values of the backfill body in different parts of the field stopes are not uniform, which is caused by the settlement, consolidation, segregation and stratification of a complex process of evolution from slurry to backfill body. The quality control of the field strength in practical stopes usually reflects the degree of the mine filling technology. In this case, a large number of backfill samples had been drilled from the field stopes and the uniaxial compressive tests had been carried out to form a statistical sample including 1,684 pieces of uniaxial compressive strength (UCS) values. These samples basically obey the normal distributions as shown in Figure 6 . In every normal distribution of the backfill UCS data for each sand-cement ratio, a floating FS is calculated by comparing the differences between the average UCS value and two times the standard deviation, which would cover 95.5% of the statistical data. As is known in the engineering field, a piece of data in the big sample will be called an 'outlier' if the deviation of this data from the average is more than two times the standard deviation. After calculating the FS of each normal distribution of each sample corresponding to different sand-cement ratios, a finalised floating FS characterising the current backfilling quality control level of this mine was further calculated with the 
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Conclusion
The strength parameters obtained and used in the Mitchell et al. (1982) solution, including the backfill in their physical model tests, are mostly undrained shear conditions. The classical Mitchell et al. (1982) analytical solution ( c = 2c = /(1/H+1/L)) is valid for estimating the required strength to ensure short-term stability of a vertically exposed cemented backfill under an undrained condition.
The new proposed analytical model with the sliding plane making an angle α = 45° + /2 and sliding direction making an angle β = 45° -/2 is the most appropriate solution for cemented backfill design to estimate the minimum required strength of vertically exposed cemented backfill next to a secondary stope filled with an uncemented (or low cemented) paste fill.
The new proposed analytical solution has been successfully applied to calculate the theoretical strength requirement of cemented backfill in primary stopes under FS = 1.0 in an iron mine (σ c = 0.450-0.839 MPa). Combined with the backfill samples and drilling and testing from field stopes, a reasonable floating FS characterising the current backfilling quality control level of this mine was statistically evaluated (FS = 2.21).
The engineered strength requirement of cemented backfill in primary stopes of this mine had been finalised (σ c = 0.995-1.854 MPa for varied orebody thickness 30-70 m) by combining the analytical results and the floating FS, which led to a safe and economical backfill strength design.
